
Lecture 5 (week 5: 17-18 March 2025)

Elastic response
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Lecture 5, Crystalline materials: structures and properties – Elastic response

2025 

• Hook’s law for anisotropic materials

• Neumann principle application in 4th rank tensors

• Tensor and matrix forms for elasticity constants



Elastic response of solids
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Deformation in 1 dimension
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Change of a vector under small strain
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Motion of material under the strain

Strain is a second rank tensor
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Motion of material under the strain
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symmetric 2nd rank tensor

Note: as shown in Lect. 4, similarly 
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Example – tensile strain 
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Example – shear strain 
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Stress tensor 
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3 dimensions

Stress tensor
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Force 
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Symmetry: Shear stresses across the diagonal 
are identical (i.e. sxy = syx, 
syz = szy, and szx = sxz) as a result of static 
equilibrium (no net moment). 

Stress tensor 

One suffix refers to the direction of the force
The other suffix – to the normal to the face on 
which the force acts



Stress tensor 
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Example- uniaxial stress
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Stress tensor 
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Example- hydrostatic pressure 

!"!" #δσ −=solid

liquid 

pressure p



Elastic response of solids
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Stain tensor Stress tensor
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Hook’s law

!"#$!"#$ % σε =

!"#$!"#$ % εσ =

Compliance  tensor

Stiffness  tensor
Young’s modulus
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Elastic response of solids
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!""! εε =Strain tensor

Stress tensor !""! σσ =

Compliance  tensor
!"#$#$!" %% =
!"#$!"$# %% =
!"#$"!#$ %% =

symmetric

symmetric

symmetric × 3

Stiffness  tensor
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!"#$!"$# %% =
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symmetric × 3

(Thermodynamics)



Matrix description (Voigt notations)
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Strain tensor
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Matrix description
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Compliance  tensorStiffness  tensor
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Matrix description



Matrix description
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Compliance  tensorStiffness  tensor
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• we can combine the expressions for matrix C and S:

s =	Ce and e =	Ss to give:

s =	CSs, which shows:

I =	CS,	or,	C	=	S-1	where	I is	identity	matrix

• Note that the definition of Young’s modulus E33 = 1/S33 does not mean that E 

= C33 because C33 ≠ 1/S33

Stiffness – compliance relations

Poisson’s ratio:

n13 = -S13/S11 S13: the force applied to the face (001) and acting in the direction 
[001] causes the face (100) to move in the direction [100]. 

There are 6 different Poisson’ ratios n12 , n13 n23 , n21 , n31 ,n32

Young’s moduli: 1/S11   1/S22   1/S33



Neumann equations

18

!"#$%$$%##%""%!!$#"!

!"#$$$##""!!$#"!

!"#$$$##""!!$#"!

!"#$$$##""!!$#"!

&'('('('(&

&'('('('(&
&'('('('(&
&'('('('(&

!"!"!"!"
##################################

!"!"!"!"
!"!"!"!"
!"!"!"!"

$$$$

%%%%

&&&&

′′′′′′′′

′′′′′′′′

′′′′′′′′

′′′′′′′′

=

=
=

=

!"""" !!!!!"" #$% - symmetry elements of the material



2mm2

4mm 422

432

6mm

m3mm323

6 6

43m

62m

4

3

2

1 1

m 2/m

2mmm2222

23223m 23m3

4 42m 4/m 4/mmm

6/mmm6226/m

21 independent components 

13

9

6-7

6-7

5

3

!!!
!
!!
"

∞∞
∞∞∞

!∞∞∞∞
2

19

Number of independent components 



Applications of Neumann equation

Example: group !

Symmetry elements:
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Applications of Neumann equation
Example: class !
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Applications of Neumann equation
Example: class !
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however only 7 are independent



Link:
material symmetry - property symmetry 

39 groups of macroscopic symmetry 

10 structures of c-tensor and s-tensor in 
conventional axes

8 types of symmetry of elastic 
response (elastic anisotropy) 
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non-zero component,

c and s tensors for all symmetries
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for s                                 ,     for c x !"# $#$$ !! − !"#$ %!%% !! −x

components numerically equal, but different in sign

a component equal to twice the heavy dot component to which it is joined,

components numerically equal,

24
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Effect of axis choice and symmetry of response 
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Sensitivity of tensors to material 
symmetry

4th rank c-tensor 
is more sensitive to the material symmetry 

than 2nd rank K-tensor 
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Elastic response: isotropic vs cubic materials
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Isotropic material 
Dielectric 
response 

!"!" ## δ=

Elastic response 
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1/s33 s66 -s13/s33



Elastic response:
examples of materials
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Stiffness coefficients for cubic materials

31



Stiffness generally decreases with the 
temperature increase

• the effect increases with the bond length

32

diamond aluminium
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Compressibility of solids under hydrostatic pressure
K= -1/V (dV/dp), 
K- coimpressibility, V – volume, p-hydrostatic pressure

• The change in volume per unit volume is equal to eii
eii= e11 + e22 + e33

e ii can be expressed through elastic compliance moduli:

eii = siiklskl = – siikl pdkl
Compressibility is K=siikk

Compressibility increases 

with the bond length

Compressibility, units x10-11 m2/N



Essential 

1. The elastic response can be successfully treated with 
the Neumann principle.

2. The symmetry of the elastic response is often  higher 
than that of the material.

3. The elastic response is controlled by a 4th rank tensor. 
It is more sensitive to the material symmetry than the 
dielectric response controlled by a 2nd rank tensor.  
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